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Abstract

The adult modal age at death is a measure of the most frequent length of life
among adults. It has been demonstrated to be an important lifespan measure in
longevity research, capable of shedding light on some specific aspects of old-age
mortality that are not necessarily captured well by other widely used measures of
old-age survival. The current P-spline method for estimating the modal age at
death is flexible and highly effective but the model requires population size and
mortality data that are detailed by single years of age. For several countries and
regions of the world, these data are solely available for broader age groupings. In
this paper, we introduce a generalized version of the earlier method based on the
Penalized Composite Link Model to estimate the modal age at death in instances
where population estimates and/or mortality data are not provided by single years
of age. We start by illustrating the new method and assessing its performance using
data from the Human Mortality Database. We then uncover sex-specific trends in
the modal age at death between 1996 and 2010 in Brazil, a country where population
estimates and mortality data are readily available by 5-year age groups only from
the WHO Mortality Database and Latin American Human Mortality Database. We
offer concluding remarks about the vast range of possible applications and extensions
of the newly proposed method.
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1 Introduction

In the past fifteen years, there has been a growing interest in the adult modal age at death,

which corresponds to the most frequent age at death and stands as one of the three central

tendency measures of the age distribution of deaths. Unlike the life expectancy at birth

and median age at death, the modal age at death is a central value solely influenced by

old-age mortality, thus making it a key measure in the current era of longevity extension

(Horiuchi et al., 2013). Due to this property, patterns of trends and differentials in the

modal age at death can be noticeably different from those in the life expectancy at birth

and the median age at death, and thereby shed light on some specific aspects of mortality

in later stages of the lifespan (Canudas-Romo, 2010; Cheung and Robine, 2007; Cheung

et al., 2009; Horiuchi et al., 2013; Kannisto, 2001; Office of National Statistics, 2012). The

modal age at death may also be of substantial theoretical importance in aging research

because recent studies have revealed its critical role in major mathematical models of

adult mortality such as the Gompertz, logistic, and Weibull models (Horiuchi et al., 2013;

Missov et al., 2015).

While the life expectancy at birth and median age at death can be computed from

complete or even abridged life tables, determining the modal age at death is more chal-

lenging because of the typical flatness and irregular pattern of life table deaths in this

area. For this reason, a flexible nonparametric method for estimating the modal age at

death was recently proposed (Ouellette and Bourbeau, 2011). Instead of smoothing the

age distribution of life table deaths to locate it modal value, this P-spline method for

Poisson counts builds on observed deaths and population exposures (i.e., person-years

lived) to obtain a smooth age pattern of mortality from which the corresponding smooth

age-at-death distribution can then be derived. The model is such that both death counts

and population exposures have to be provided for single years of age. For several coun-

tries and regions of the world, however, data are solely given for broader age groups (e.g.,

5-year age groups). A generalized version of the current P-spline approach for estimating

the modal age at death is thus highly desirable. In this paper, we introduce such a gener-

alization by adapting an earlier method for estimating smooth distributions from coarsely

grouped data (Rizzi et al., 2015) to accommodate the estimation of the adult modal age

at death in cases where population and/or mortality data are not available by single years

of age.

2 Sources of data

We used three sources of data for our analyses. To illustrate the method and evaluate its

performance, we first used data for Sweden taken from the Human Mortality Database
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(HMD). We extracted male population exposure and death counts detailed by single years

of age for the year 1950. We then aggregated the exposure and death counts into 5-year

age groups. With these two series of HMD data, we were able to compare the estimated

modal age at death obtained with 1-year versus more coarsely grouped input data.

The method proposed in this paper for estimating the modal age at death was then

applied to sex-specific population and mortality data for Brazil, available by 5-year age

groups only, and which covers calendar years ranging from 1996 to 2010. Mid-year U.N.

population estimates for Brazil were obtained from the Latin American Human Mortality

Database and annual death counts from the WHO Mortality Database.

We focus on ages 10 and older because mortality in infancy and early childhood

presents unique features that are not of interest for estimating the adult modal age at

death by any means.

3 Methods

Assuming that both exposures and death counts are grouped into broader than 1-year age

classes, we need to proceed in two successive steps. First, we redistribute the population’s

amount of exposure into single years of age and then, we use this result to estimate death

counts as well as the force of mortality in each single years of age. The first step can be

overlooked when death counts only are available in coarse age groups.

We start by presenting the ungrouping procedure for the population exposures. Let

ĕi, i = 1, . . . , I be the observed grouped exposures in each i-th group. We aim to estimate

the latent distribution of exposures by single years of age: ej, j = 1, . . . , J . We assume

that the observed grouped data are realization of a Poisson distribution with a composed

mean:

e ∼ P(C ĕ) , (1)

where C is the I × J composition matrix that maps the observed grouped data ĕ to the

latent distribution of e:

C =


1 . . . 1 0 . . . . . . . . . . . . 0

0 . . . 0 1 . . . 1 0 . . . 0
...

...
... 0

. . . 0 0
...

...

0 . . . 0 0 . . . 0 1 . . . 1

 .

The elements of C are equal to 1 if age j falls within the age group i and zero otherwise.

This model is a Composite Link Model (Thompson and Baker, 1981), which can be

estimated using a penalized likelihood approach (Eilers, 2007), and it was presented in

earlier works for estimating grouped continuous data (Camarda et al., 2012; Lambert and
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Eilers, 2009; Rizzi et al., 2015).

Since J > I, we deal with an underdetermined problem and certain assumptions

about the distribution of e are needed. Instead of searching for a parametric description

of the latent distribution for exposures, it seems natural to exploit the natural order

in the solution and to assume smoothness. This is not just a computational trick: as

we know little from grouped observations, it is reasonable to assume a smooth curve

which, itself, has little detail. In the absence of specific reasons for irregularities in the

exposures distribution, we cannot expect to estimate fine details from limited data: we

accept smooth results and we can obtain some useful insights from data that, as collected,

can not provide any response.

Specifically, we describe the latent distribution as a linear combination of equally-

spaced B-splines and coefficients:

ln(e) = Bβ,

and we enforce smoothness of the coefficients-vector β by penalizing the associated log-

likelihood function with a roughness term measured by the second-order differences of the

neighboring coefficients (Eilers and Marx, 1996).

Figure 1 provides an illustration - the case of Swedish males aged 10 and above in

1950. Recall that we extracted the exposures data from the HMD by single years of age

from 10 to 105, then we grouped the data by 5-year age groups (10-14, 15-19, . . ., 90-

94, 90+). The dotted red line depicts the original detailed data and the bars show the

grouped data. From the grouped data, the figure reveals that we were able to reproduce

well the original detailed distribution of population exposures (see the blue solid line).

The method for ungrouping death counts is only slightly more complicated than the

exposures one. Again, we assume that observed deaths d̆i in each 5-year age groups

i = 1, . . . , I are realizations from a Poisson distribution with a composed mean as in (1).

However, the expected values in the composed mean are the product of exposures by

single years of age and the actual force of mortality at the corresponding age, µj. Because

we have previously obtained an estimation of ej, our aim is now to describe the force of

mortality, µj.

The information about ej can be incorporated in the composite matrix C. Assuming

the grouping structure as in the previous Swedish example with estimated exposures from

age 10 to 105, the composite matrix can be written as follows:

C =


e10 . . . e14 0 . . . . . . . . . . . . 0

0 . . . 0 e15 . . . e19 0 . . . 0
...

...
... 0

. . . 0 0
...

...

0 . . . 0 0 . . . 0 e90 . . . e105

 .
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Figure 1: Population exposures. By single years of age (original data), grouped into 5-year
age classes, and estimated from grouped data. Swedish males aged 10-105, 1950.

We have again a composite link model. Therefore, a description of the force of mor-

tality by means of P -splines and a penalized likelihood smoothing approach for the esti-

mation, allows us to estimate the latent force of mortality over the age domain as well as

the corresponding age distribution of deaths.

Figure 2 illustrates the outcomes for the force of mortality as well as the age distribu-

tion of deaths among Swedish males in 1950. As in the case of population exposures, we

grouped data by 5-year age groups (10-14, 15-19, . . ., 90-94, 90+) based on the original

HMD data by single years of age. Both original and grouped observations are plotted on

the figure, along with the estimated µ and d. It shows that our approach is capable of

reproducing adequately the underlying age-trajectory of mortality by using the grouped

data only.

It should be noted that grouping structures for exposures and deaths can differ, as long

as the estimation of the latent distribution of exposures is done at the details targeted for

the estimation of the latent force of mortality.

Finally, using the estimated coefficients obtained for the force of mortality, we can

evaluate the associated B-splines at any desired fine grid. This allows us to compute the

corresponding smoothed survival function by standard numerical integration techniques.

The product of the force of mortality and the survival function yields the density function,

from which we can obtain the modal age at death (for more details, see Ouellette and

Bourbeau (2011)).
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Figure 2: Deaths (left panel) and death rates (right panel). By single years of age (original
data), grouped into 5-year age classes, and estimated from grouped data. Swedish males
aged 10-105 in 1950.

Figure 3 shows the smooth density function for Swedish males in 1950 estimated using

solely the data on population exposure and death counts by 5-year age groups. The

corresponding modal age at death is 78.59 years, or only 0.17 years smaller than the

modal age at death computed from data by single years of age, at 78.76 years.
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Figure 3: Smooth density function describing the age-at-death distribution. Standardized
with respect to exposure-to- risk and estimated from grouped data. Swedish males aged
10-105 in 1950.
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We obtained comparable outcomes when testing the method on other combinations of

HMD countries and sex, thereby suggesting that the proposed methodology for estimating

modal age at death in populations with grouped data performs well.

4 Application

We used the method described above to uncover trends in modal age at death since 1996 in

Brazil, a country where death counts and corresponding population’s amount of exposure

to the risk of death are not readily available by sigle years of age. Figure 4 provides the

outcomes for females in calendar year 2000.

The bottom left panel shows, as a step function, the observed death rates for ages

classes 10-14, 15-19, . . ., 90-94, 95+. The superimposed solid blue line in this panel gives

the fitted death rates obtained after applying the penalized composite link model, first

to smoothly ungroup the binned population exposures over age (top left panel), and,

similarly, to smoothly ungroup the binned deaths counts (top right panel). The smooth

density describing the age distribution of death can then be derived, as shown in the

bottom right panel, together with the estimated modal age at death of 84.94 years.

We applied the method separately for each sex to successive calendar years up to 2010.

Figure 5 reveals that the sex-specific modal ages at death have increased between 1996

and 2010 in Brazil. Females and males show an increment of about 2 years and 1 year,

respectively, over the entire study period. In addition to having an advantage in terms of

pace of increase, female modal age at death values are consistently greater than those for

males (difference of 5 years in 1996 and 6 years in 2010). Based on the trends depicted

in the figure, future rises in modal age at death are expected for each sex because there

is currently no signs of a slowdown.

5 Concluding remarks

It is often the case that population and/or mortality data detailed at the individual

level or by single years of age are not readily available. Several developing countries and

historical populations, among others, offer coarsely grouped data only. In these instances,

the current flexible methodology based on Poisson P-splines proposed by Ouellette and

Bourbeau (2011) to estimate the adult modal age at death and to investigate its variations

over time cannot be used. The method proposed in this paper fills this gap by generalizing

the earlier method.

In the next few months, we intend to take advantage of the new method to study trends

in modal age at death not only in the instances listed above, but also to expand our work

on cause-specific modal age at death (Diaconu et al., 2015). Indeed, for most countries
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Figure 4: Exposure population (top left), deaths (top right), death rates (bottom left),
and smoothed density function (bottom right). Brazilian females ages 10-105 in 2000.

of the world, data on deaths by cause of death are provided by 5-year age groups at best.

We will also explore the possibility of generalizing the new method further by accounting

for smoothing simultaneously along the age and time dimensions. Such a generalization

may prove useful for studying regional disparities in modal age at death (Ouellette et al.,

2012) in countries where grouped data is accessible at a fine geographic scale.
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Figure 5: Estimated modal age at death based on smoothed density functions estimated
from grouped data.
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