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Abstract 

Sub-national population data by sex and age are basic information to calculating sex and 

age-specific demographic rates and to perform demographic studies overtime and space. 

In Brazil, estimated sub-national population for calendars years between censuses are 

commonly used to control the estimated population for small areas across country. 

However, incomplete population coverage by age in the censuses before 2000, 

especially on the first age and especially in North and Northeast regions, is the main 

limitation to perform demographic studies overtime and space in Brazil. This study aims 

to backcast the population from 2000 to 1970 by age, sex and all the Brazilian states.. 

We use the Lee-Carter Method to performing the backward mortality projections. Then, 

we apply an Inverse Cohort Component Method, which incorporates past mortality and 

migration scenarios, to estimate the backward population by five years age group and 

period. 
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Introduction 

Sub-national population data by sex and age are basic information to calculating 

sex and age-specific demographic rates and to perform demographic studies overtime 

and space. In Brazil, sub-national population estimates for calendars years between 

censuses are also used to control the estimated population for small areas across the 

country. For example, sub-national sex and age-specific mortality rates are the basic 

information used by Global Burden of Diseases Project in order to analyze the evolution 

of health conditions in Brazil and its states since 1970. However, incomplete population 

coverage by age, especially in the censuses before 2000 and especially in North and 

Northeast regions, is the main limitation to perform demographic studies overtime and 

space in Brazil. There are population projections for states in Brazil, but they do not 

have estimates for the same time period nor incorporate confidence intervals on their 

analysis (Sawyer, et.al, 1999; Figoli, et.al, 2008).  

This paper aims to backcast the Brazilian population from 2000 to 1970 by age, 

sex and for all the Brazilian states. We also try to make our population estimates with 

IBGE population forecasts from 2000 to 2030 by Brazilian states.. In order to achieve 

this objective, we use the Lee-Carter method to perform the backward mortality 

projections using IBGE estimates from 2000 to 2030 to obtain our estimates from 1970 

to 2000. Then, we apply an Inverse Cohort Component Method, which incorporates past 

mortality and migration scenarios, to estimate the backward population by five years 

age group and period. 

Our basic data are populations counts by age and sex from Brazilian censuses, 

series of projected Life-Tables by IBGE (from 2000 to 2030) and net migration rates. 

Population censuses data before 2000 will be used as parameters only for age plus sex 

structure on each state. It means that our backcast population projections will be 

controlled by the age-structure observed on those censuses. That is, we assume that the 

age structure obtain by  

The main contribution of the paper is to produce stochastic mortality rates from 

1970 to 2000 for each state in Brazil. Using this information, we can produce 

population estimates with confidence intervals that could be used in a series of studies 

and applications. Also, using IBGE rates we are able to make consistent population 

estimates by age, sex and states that are consistent from 1970 to 2030. Stochastic 
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population forecast are a more robust approach and it is the way the Population Division 

at the United Nations presents their population prospects (Alkema, et.al. 2015; Raftery, 

Alkema, & Gerland, 2014). 

 

2. Methodology 

2.1 Data 

The basic data used are population counts by age and sex from Brazilian 

censuses since 1970, series of forecasted Life-Tables by states from 2000 to 2030, and 

net migration rates, by sex and five-years age group.  

IBGE produced series of life tables by sex from 2000 to 2030. We used these 

forecasting series of life tables as basic input data to perform backcast mortality rates 

projections from 2000 to 1970. The reason for using these forecasted Life Tables is 

because the data quality used to estimate them: population from 2000 and 2010 census 

and deaths records from 2000 to 2010. The last decades there was a significant 

improvement in Brazilian’s censuses and vital records coverage (Lima and Queiroz, 

2014). Also, IBGE produces official estimates for Brazil and we are interested in 

producing estimates that are consistent with IBGE results.  

We use 1970, 1980 and 1991 population censuses as parameters for age plus sex 

structure on each state. It means that our backcast population projections were 

controlled by the age-structure observed on those censuses for each state. However, we 

trust on the total of population we have estimated for 1990, 1980 and 1970 years. We 

obtain net migration rates between states from 1970 to 1991 from Carvalo and Garcia 

(2002). Using 1991 and 2000 census, we estimate migration rates for the most recent 

period.  

 

2.2 Mortality Forecasting: Lee-Carter Method 

The main contribution of the paper is an application of the Lee-Carter method to 

estimate mortality trends for all states in Brazil and to produce mortality estimates with 

confidence interval. These, could then be used to produce population estimates with 

confidence intervals that, in turn, have enormous potential to public policy evaluation 

and other analysis. We adapted the Lee-Carter method (Lee and Carter, 1992) to back-
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cast mortality rates in Brazil and all states from 2000 to 1970, based on IBGE mortality 

forecast from 2000 to 2030. IBGE forecasts mortality from 2000 based on a model life 

table and defining a limit to life expectancy at birth in 2030.  Thus, one cannot find 

robust and adequate life-tables for states in Brazil in the recent past.  

The method, Lee-Carter, combines a demographic model with a time-series 

method of forecasting. It involves two-factors – age and time - and uses matrix 

decomposition to extract a single time-varying index of the mortality level, which is 

then forecast using a time-series model. The Lee-Carter method has been considered a 

powerful method to forecast mortality due to its precision and simple way to model age 

distribution of death rates (Lee 2000; Lee and Miller 2001; Booth and Tickle 2008). The 

more linear trends in age-specific rates, the more robust the method (Lee 2000; Lee and 

Miller 2001; Booth and Tickle 2008). To our knowledge, the only study that uses the 

Lee-Carter model to forecast mortality in Brazil is from 1998 and uses life tables from 

the UN system (Figoli 1998), instead of observed data and forecasts from IBGE.  

 We model mortality rates based on a matrix of age-specific log mortality rates 

nMx(t). The first step of the Lee-Carter method consists of modeling these rates as  

                                    ln(nMx,t ) = nax + nbx.kt + nex,t                                              (1) 

where xn a
, xn b

 and tk
 are parameters to be estimated and txn ,  is a set of random 

disturbances. The solution of this regression is made by applying the Singular Value-

Decomposition approach (SVD) on the log of the historical rates matrix  nMx(t) .  The 

method imposes two constraints to obtain a unique solution: xn a
 is calculated as the 

average of ln(nMx,t )over time, that is the average pattern of mortality rates by age over 

time; xn b
sums up to 1 and is the relative proportional rates of change of mortality by 

age; tk
 sums up to zero and represents an index of the level of mortality rates at time t. 

Both xn a
 and  xn b

 are fixed over time. Having defined all the parameters tk
 is then 

forecasted with time-series methods.  

The second step of the method is to extrapolate tk
 using ARIMA time-series 

models. The most appropriate ARIMA model in the context of linear trends in the age-

specific rates is the random walk with drift (Li et al, 2002; Booth et al, 2004). The 
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forecasting model is given by ttt ukck  1 , where c is the drift parameter, 

representing the average annual change in tk
. After back-casting tk

 is possible to derive 

all past mortality rates by age and their respective probability distributions. We argue 

that the advantage of this procedure is that we produce mortality estimates from 1970 to 

2000 that are robust to the IBGE estimates from 2000 to 2030. 

 

2.2 Inverse Cohort Component Method 

We decide to use the 2000 censuses as our start point for backcast population 

projections for two reasons: it is considered the best census in Brazil in recent years and 

it is the starting point of the IBGE forecast by states to 2030.  Figure 1 depcits the 

approach we are using in our estimates and how we try to make them consistent over 

time with IBGE population projections. 

Figure 1 – Illustration of Approach Applied in the Paper 

 

To perform our backcast population projection we made a simple modification 

to  the original Cohort Component Method. The matrix equation (1) helps to explain the 

method. Based on the Leslie Matrix (Wachter, 2014; Ediev, 2011, Caswell, 2001), we 

exposed the vector of population by age at time t (that we call present population) to a 

matrix of the inverse of survival ratios by age. Then, the results should be the estimated 

population by age five-years earlier (that we call past population).  
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Before applying the matrix of the inverse of survival ratios to the 2000 

population (the present population according to the equation 1) we multiply the vector 

of present population to the net migration rates estimated for the period 1995-2000. The 

net migration rates were calculated considering the ratio between the net flows of 

population and the observed population on the second census. It is also important to 

“resuscitate” migrants in the same time period of the back-cast.  

 

3. Results 

3.1 Backcast Mortality Projections 

Figure 2 depicts the observed and forecast kt, indicating the decline in mortality 

level over time and a continuing declining in death rates in Brazil and the estimates of 

ax and bx for males in the whole country. We focus our attention on Brazil to highlight 

the most important results and describe trends overtime in mortality. The same 

estimates and figures are available for females and for all states in Brazil. In our 

application, kt is indicating that mortality in the 1970s were higher than mortality in the 

more recent periods. Important to note that we produce estimates from 2000 to 1970 

with confidence intervals. The estimate ax has the expected shape of the mortality curve 

and it is possible to observe the higher mortality rate for young adults in Brazil. The bx 

indicates the change in mortality rates by age based on the average profile. The results 

indicate variation in mortality by age and it is clear that mortality was increasing for all 

age groups overtime and for some age groups there were very little increases during the 

period of analysis.    
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Figure 2: Lee-Carter parameters, Males, Brasil, 1970-2030  

 

Source: IBGE(2016) 

 

Figure 3 to Figure 5 shows the estimated mortality rates by single year of age 

and for every year from 1970 to 2030 for three states in Brazil. We selected São Paulo, 

which is considered to have the best data quality in Brazil; Minas Gerais, a state with 

medium quality of mortality data and Rio Grande do Norte, which is considered to have 

low quality of mortality data.  

The results indicate mortality decline for all ages from 1970 to 2030. It is also 

important to notice that estimated mortality rates clearly show the significant changes in 

young adult mortality rates overtime in Brazil and, more specifically, in each of the 

states we show. Minas Gerais and São Paulo have the largest variations in mortality 

rates over time, going from really high mortality levels for young adults to lower levels. 

For all states, it is interesting to notice the slow change in mortality rates at older ages.  

In future research, we are working on using adjusted data from 1980 to 2010 to forecast 

mortality by states up to 2030 and compare to IBGE estimates for the same time period.  
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Figure 3: Projections and backast projections for males log mortality rates by single 

year, Minas Gerais (1970-2030) 

 

Figure 4: Projections and backast projections for males log mortality rates by single 

year, Rio Grande do Norte (1970-2030) 
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Figure 5 - Projections and backast projections for males log mortality rates by single 

year, São Paulo (1970-2030) 

 

 

In Figure 6, we show age-specific mortality rates for Minas Gerais and Rio 

Grande do Norte in 1970 with confidence intervals. First, one can see that mortality 

levels in Minas Gerais are lower than in Rio Grande do Norte. Second, 95% confidence 

intervals are quite small indicating the robustness of the results.  In results not shown in 

this version of the paper, we also produce estimates of complete life tables for all states 

and for every 5 year period. The estimated life expectancy at birth, with confidence 

intervals, that we produced are compared to other data sources and studies.    
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Figure 6: Point and interval estimations of males mortality rates for Minas Geras and 

Rio Grande do Norte states, 1970. 

 

 

3.2 Backcast Population Projections 

 We show estimates of population age structure by sex for the three states 

analyzed in this paper from Figure 6 to Figure 8. The best way to represent this is by 

show population pyramid. We show pyramids from 1970, 1980, 1990 and 2000. The 

results indicate the rapid changes that population in Brazil and its regions went through 

the past few decades. For the country and all states, from a young age structure the 

country went to a period of rapid growth in the young adult population and IBGE 

estimates show the rapid process of population ageing from 2010 on.  

The demographic transition started with mortality improvements in the 1930s, 

which were followed by fertility declines in the later 1960s. Despite the delayed onset, 

the demographic transition in Brazil has been characterized by rapid changes. The total 

fertility rate has reduced by more than half since 1970 (5.3 to 1.9 in 2010) and life 

expectancy at birth has improved steadily: from 57.5 years in 1970 to 73 years in 2010. 

From a young quasi-stable age structure in 1970, the age distribution has gradually 

shifted to an older distribution. Until 2000, the most important changes were the decline 

in the share of the young and a rise in the share of the working age population. 
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Figure 6: Backcast population projection for Rio Grande do Norte, (1970-2000). 
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Figure 7 – Backcast Population Projection, Minas Gerais, 1970 - 2010 
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Figure 8 – Backcast Population Projection, São Paulo, 1970 - 2010 

 

 

 Finally, Table 1 presents summary measures for the three states presented in this 

version of the paper. We show estimates for Aging Index, Total Dependency Ratio, 

Youth Dependency Ratio and Old-Age Dependency Ratios. The four measures provide 

summary information that is available in the population pyramids and also help one to 

evaluate the quality of the population backcast.  The estimates show that population is 

going through a rapid transition in Brazil, but the speed of the transition is very different 

for each state. In general, old-age dependency ratio increase for all states in Brazil from 

1970 to 2000 as a result of rapid fertility decline. We also observe a rapid increase in 

old-age dependency ratio for all three states.  

 

 

 

 

1970 1980

1990 2000

0	

10	

20	

30	

40	

50	

60	

70	

80	

90	

0.09	 0.06	 0.03	 0.00	 0.03	 0.06	 0.09	

Male	 Female	

0	

10	

20	

30	

40	

50	

60	

70	

80	

90	

0.09	 0.06	 0.03	 0.00	 0.03	 0.06	 0.09	

Male	 Female	

0	

10	

20	

30	

40	

50	

60	

70	

80	

90	

0.09	 0.06	 0.03	 0.00	 0.03	 0.06	 0.09	

Male	 Female	

0	

10	

20	

30	

40	

50	

60	

70	

80	

90	

0.09	 0.06	 0.03	 0.00	 0.03	 0.06	 0.09	



 14 

Table 1 – Summary Measures, Population Structure, São Paulo, Minas Gerais and Rio 

Grande do Norte, 1970 -2000  

Estado e Ano Aging Index Total Dep. 

Ratio 

Youth Dep 

Ratio 

Old-Age Dep 

Ratio 

RN     

1970 8,77 96,47 88,69 7,78 

1980 12,46 92.03 81,83 10,19 

1990 15,87 76,21 65,77 10,44 

2000 19,94 61,18 51,01 10,17 

MG     

1970 6,79 85,85 80,39 5,46 

1980 10,56 72,67 65,74 6,94 

1990 14,67 63,57 55,43 8,13 

2000 21,73 52,99 43,54 9,46 

SP     

1970 9,89 67,73 61,63 6,1 

1980 12,35 58,89 52,42 6,47 

1990 16,16 55,52 47,80 7,72 

2000 23,34 48,05 38,95 9,09 

 

 

Conclusion and next steps 

The results produce here are very satisfactory and allow for myriad of long terms 

demographic studies by states in Brazil.  The evolution of mortality and population by 

age and sex are very reasonable for all states in Brazil.  

The main contribution of this paper is to quantify uncertainty in mortality through a 

stochastic approach. We adapt the Lee-Carter method (Lee and Carter, 1992) - 

originally developed to forecast mortality - to backcast mortality rates based on IBGE 

mortality forecast from 2000 to 2030 – by sex for each state in Brazil. This method 

combines a demographic model and a reliable method of time series forecasting. The 

major advantage of our approach is to produce estimates with confidence intervals. 

Additionally, uncertainty is incorporated through probabilistic techniques. Therefore 

this approach is an advance as probabilistic techniques are an objective way to measure 

uncertainty in opposition to deterministic methods that usually build subjective 

scenarios to incorporate uncertainty. 

In this version of the paper, we only present the median estimates based on the Lee-

Carter approach and our migration estimates. In the final version of the paper, 

demographic summary measures, Table 1, are going to be presented with confidence 
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intervals. This will be a second major contribution of the paper. Also, we are working 

on a web-site to make all data and estimates available to other researchers.  

 

There are two main limitations that we are working on: 

1) single year population are obtain by simple interpolation 

2) we use census age-structure to adjust the population age structure in our 

estimates. We are working on alternative approaches to that.  
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